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+ Just as a mountaineer climbs a mountain — because it is there, so 
a good mathematics student studies new material because 
it is there. — JAMES B. BRISTOL & 


7.1 Introduction 


Differential Calculus is centred on the concept of the 
derivative. The original motivation for the derivative was 
the problem of defining tangent lines to the graphs of 
functions and calculating the slope of such lines. Integral 
Calculus is motivated by the problem of defining and 
calculating the area of the region bounded by the graph of 
the functions. 


If a function f is differentiable in an interval I, i.e., its 
derivative f exists at each point of I, then a natural question 
arises that given f’at each point of I, can we determine 
the function? The functions that could possibly have given 
function as a derivative are called anti derivatives (or С .W. Leibnitz 
primitive) of the function. Further, the formula that gives (1646 -1716) 
all these anti derivatives is called the indefinite integral of the function and such 
process of finding anti derivatives is called integration. Such type of problems arise in 
many practical situations. For instance, if we know the instantaneous velocity of an 
object at any instant, then there arises a natural question, i.e., can we determine the 
position of the object at any instant? There are several such practical and theoretical 
situations where the process of integration is involved. The development of integral 
calculus arises out of the efforts of solving the problems of the following types: 





(a) the problem of finding a function whenever its derivative is given, 


(b) the problem of finding the area bounded by the graph of a function under certain 
conditions. 


These two problems lead to the two forms of the integrals, e.g., indefinite and 
definite integrals, which together constitute the Integral Calculus. 
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There is a connection, known as the Fundamental Theorem of Calculus, between 
indefinite integral and definite integral which makes the definite integral as a practical 
tool for science and engineering. The definite integral is also used to solve many interesting 
problems from various disciplines like economics, finance and probability. 


In this Chapter, we shall confine ourselves to the study of indefinite and definite 
integrals and their elementary properties including some techniques of integration. 


7.3 Integration as an Inverse Process of Differentiation 


Integration is the inverse process of differentiation. Instead of differentiating a function, 
we are given the derivative of a function and asked to find its primitive, i.e., the original 
function. Such a process is called integration or anti differentiation. 

Let us consider the following examples: 


We know that fed X) 2 cos x s (1) 
dx 
d xX 
--(--) =x ёс 
a 3 )=x (2) 
d 
and —(e)2e .. (3) 
ах 


We observe that in (1), the function cos x is the derived function of sin х. We say 
3 
х 
that sin x is an anti derivative (or an integral) of cos x. Similarly, in (2) and (3), з апа 


e are the anti derivatives (or integrals) of x? and e", respectively. Again, we note that 
for any real number C, treated as constant function, its derivative is zero and hence, we 
can write (1), (2) and (3) as follows : 
а. dx d ; 
— (sin x+C)=cos x, (— +С) =x and — (e* + С) =е" 
dx ^ —-2 | dx 3 | dx | 
Thus, anti derivatives (or integrals) of the above cited functions are not unique. 


Actually, there exist infinitely many anti derivatives of each of these functions which 
can be obtained by choosing C arbitrarily from the set of real numbers. For this reason 
C is customarily referred to as arbitrary constant. In fact, C is the parameter by 
varying which one gets different anti derivatives (or integrals) of the given function. 





. . d 
More generally, if there is a function F such that dE F(x)2 f (х), vxe I (interval), 
x 


then for any arbitrary real number C, (also called constant of integration) 


4 [EG c] =f(x), xe I 
dx 
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Thus, {F +C, C e R} denotes а family of anti derivatives of f. 


Remark Functions with same derivatives differ by a constant. To show this, let g and л 
be two functions having the same derivatives on an interval I. 


Consider the function f= g — h defined by f(x) = g(x) - h(x), yxe I 


4 
Тһеп = =f =g -k giving f'(x) = g/(x) - М(х) үхє 1 
x 
ог Р (х) = 0, vxe I by hypothesis, 


i.e., the rate of change of f with respect to x is zero on I and hence fis constant. 


In view of the above remark, it is justified to infer that the family {F + C, Ce R} 
provides all possible anti derivatives of f. 


We introduce a new symbol, namely, | f(x) dx which will represent the entire 


class of anti derivatives read as the indefinite integral of f with respect to x. 
Symbolically, we write | f(x) dx =F(x)+C. 
2 dy 
Notation Given that m f (х), we write у = [7 (x) ах. 
x 


Forthe sake of convenience, we mention below the following symbols/terms/phrases 
with their meanings as given in the Table (7.1). 


Table 7.1 


[7 (х) ах Integral of f with respect to x 


xin le (x) dx Variable of integration 


Integrate Find the integral 


An integral of f A function F such that 
ЕС) =f (х) 


Integration The process of finding the integral 


Constant of Integration Any real number C, considered as 
constant function 
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We already know the formulae for the derivatives of many important functions. 
From these formulae, we can write down immediately the corresponding formulae 
(referred to as standard formulae) for the integrals of these functions, as listed below 
which will be used to find integrals of other functions. 








Derivatives Integrals (Anti derivatives) 
d x" +1 a х n+l 
s Иа " E = 
(i) T : х ах ЫШ аа 1 
Particularly, we note that 
d 
--(Х)-1: dx=x+C 
© (х)=1; | 
"M T ; 
(i) z (sin x) =сов x ; cos x dx = sin x +С 
Хх 
T. | : 
(iii) z b 008 х) = sin x | sin x dx = — cos x+ C 
x 
_, a à 2 
(iv) - (ав х) = ѕес?х ; sec’ x dx= tan x+ С 
x 
(v) dr (- cot x)= cosec^x : соѕес? x dx=- cot x+ C 
x 


d 
(vi) — (sec x)=sec x tan x ; sec x tan х dx = sec x+ C 























dx 
ш 28 
(уй) 4, V созес х) = созесХ COL x; cosec x cot x dx 2 — cosec x - C 
x 
1 
(sii) — (sin! x)= . i = sin! x 4C 
dx 642 c 1—х° 
1 
(ix) — (^os! x)= | 2: --cos! x4C 
dx г 1—х° 
а 25 | 1 ах 21 
tan x)= : =tan х+С 
(x) Ntan х) =; ls 
d ed 1 ах 1 
4. —[-cot жі = : --СО х+С 
(х1) || ) l+’ Fre: 
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ii = (sec х)=—_—— [ - -sec !x4C 
(xii) dx x [x2 —1 , е lx? —1 
=j 1 dx 2 
„у — ù|- соѕес х)=-——— , ————— =-созес х+С 
(xiii) га! ) NE Len 
а, : 
GR) (eed. [еас=е +С 
1 1 
(ху) 4 (logix)=4; [—4х=1ов1х!+С 
x х х 
d| a | | а* 
) > за. “dx = +С 
Ben) 222 Tod Ja ч log a 


In practice, we normally do not mention the interval over which the various 





functions are defined. However, in any specific problem one has to keep it in mind. 


7.2.1 Geometrical interpretation of indefinite integral 


Let f(x) = 2x. Then | f(x) dx 2 x? + С. For different values of C, we get different 
integrals. But these integrals are very similar geometrically. 

Thus, y 2 x? + C, where C is arbitrary constant, represents a family of integrals. By 
assigning different values to C, we get different members of the family. These together 
constitute the indefinite integral. In this case, each integral represents a parabola with 
its axis along y-axis. 

Clearly, for C = 0, we obtain y = x?, a parabola with its vertex on the origin. The 
curve y = x? + | for C = 1 is obtained by shifting the parabola y = x? one unit along 
y-axis in positive direction. For C = – 1, y = 22 — 1 is obtained by shifting the parabola 
у =x’ one unit along y-axis in the negative direction. Thus, for each positive value of C, 
each parabola of the family has its vertex on the positive side of the y-axis and for 
negative values of C, each has its vertex along the negative side of the y-axis. Some of 
these have been shown in the Fig 7.1. 

Let us consider the intersection of all these parabolas by a line x = a. In the Fig 7.1, 
we have taken a > 0. The same is true when a < 0. If the line x = a intersects the 
parabolas y 232, у= № + 1, у= 0 +2, у= № - 1, у= 02-2 а P PV PP P. ete, 


d 
respectively, then - at these points equals 2a. This indicates that the tangents to the 


curves at these points are parallel. Thus, [2x dx=x’ +C= Fo (x) (say), implies that 
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Fig 7.1 
the tangents to all the curves y = F, (х), C € R, at the points of intersection of the 
curves by the line x 2 a, (a € R), are parallel. 


Further, the following equation (statement) [ғо dx = Р(х) + C= y (say), 


represents a family of curves. The different values of C will correspond to different 
members of this family and these members can be obtained by shifting any one of the 
curves parallel to itself. This is the geometrical interpretation of indefinite integral. 


7.2.2 Some properties of indefinite integral 
In this sub section, we shall derive some properties of indefinite integrals. 
(I) The process of differentiation and integration are inverses of each other in the 
sense of the following results : 


d 
-| f(x) dx = f(x) 


and [/ '(x) dx = f(x) + C, where C is any arbitrary constant. 
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Proof Let F be any anti derivative of f, i.e., 


JF) =/0) 


Then | 0) dx = FO) + C 
d d 
Therefore p» [ғо ах = m (F (x) * C) 


d 
=a Wera 


Similarly, we note that 


Го) 


а 
TIA 


and hence [ғо dx f(x) + С 


where С is arbitrary constant called constant of integration. 


Two indefinite integrals with the same derivative lead to the same family of 
curves and so they are equivalent. 
Proof Let f and g be two functions such that 


d d 
51704 = ze ae 


or гоа [o dx | -0 

Непсе [ғо dx — fe (x) dx = C, where C is any real number (Why?) 
or [Fœ dx = [в coax C 

So the families of curves rœ 4х-С,,Сүє R} 


and | [Ке dx+C,,C, € R} are identical. 


Hence, in this sense, Í f(x) dx and | g(x) dx are equivalent. 
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[æ Note|The equivalence of the families Ц тод ах-С,С,єВ| апа 


| fe o БЕ СЄ R} is customarily expressed by writing [7 (х) ах = few dx, 


without mentioning the parameter. 





(ш) fO] | Ло) dx | 860 ах 
Proof Ву Property (D, we have 
d 
ELSO + еба) = fo + к 02 ej 
On the otherhand, we find that 
2 | | дахь [860 ах | = LA | го dx La [geo ах 
dx dx dx 


-f(x) 2 (x) ws 2) 
Thus, in view of Property (II), it follows by (1) and (2) that 


[Оо + 869) а= | год di | “од dx. 


(IV) For any real number К, fk Р(х) ах= к | f (x) dx 


Proof By the Property (1), ral f(x) dx-k f(x). 
x 


Also A roe] : к^ [одак 10) 


Therefore, using the Property (ID, we have fk Ро) dx =k | f (x) ах. 
(V) Properties (III) and (IV) can be generalised to a finite number of functions 
fo fa ++» f, and the real numbers, k,, k,, ..., k, giving 


125797 


Пало) 00 +...+®„/, 00] dx 


= [ло асно | f, @dxt..+k, [ 7,00 ах. 


To find an anti derivative of a given function, we search intuitively for a function 
whose derivative is the given function. The search for the requisite function for finding 
an anti derivative is known as integration by the method of inspection. We illustrate it 
through some examples. 
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Example 1 Write an anti derivative for each of the following functions using the 
method of inspection: 


1 
() cos 2x (1) 3x + 4x3 (ш) шулж 0 
Solution 


(i) We look for a function whose derivative is cos 2x. Recall that 


d 
dx sin 2x — 2 cos 2x 


: = LA : sin2 
ED i = ps x 
or cos 2x 2 dx (sin 2x) aus 


g. 
Therefore, an anti derivative of cos 2x is 5 sin 2x , 


(ii) We look for a function whose derivative is 3x? + 4x?. Note that 
d (53,4 

(х +x |= 302 + 4x. 

xU fx) 

Therefore, an anti derivative of 3x? + 4x is X? + x^. 


(ш) We know that 





б age ie es багу “Пан 015 | ( у= хей 
ах x dx x 


1 
Combining above, we get £ (108 |х) = Y x#0 


1 
Therefore, [- dx = log || is one of the anti derivatives of —- 
x x 


Example 2 Find the following integrals: 





*-4 2 з 
0) [^ ; dx (ii) [оз + dx ш) [@?+2e ~~) dx 


X 


Solution 
() We have 





[а= [ns [x ax (by Property V) 


X 
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M y" 
*C, L 541 +С, |; C p C, are constants of integration 


2 -1 
X X 


2 
х 1 
= > pue -С,- Эр uic 
2 
X 


= +— +С, where С = C, - C, is another constant of integration. 
х 


From now onwards, we shall write only one constant of integration in the 
final answer. 


(1) We have 
2 2 
[оз +1) ах = р ах+ [а 
= 
3 5 
= 5 +х+с J Mere 


ul 
3 





(iii) We have fe +2e -L) a= je dx + [2 е“ dx— Г ах 


3 








xÂ : 
- +2e* —1ор|х|+С 
3 
-41 
2 
3. 
- 2 24-26” -log |x|+C 
Example 3 Find the following integrals: 
(i) | (sin X cos x) dx (ii) [cosec X (cosec x + cot x) dx 
] —- sin x 
on dx 
(ш) | cos? x 
Solution 
() We have 


| єш x+cos x) dx - [sin х ах + [соз х ах 


= —cosx-sin x - C 
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(1) We have 
| (cosec x (cosec x + cot x) dx = [cosec^x dx + [cosec x cot x dx 


= —cot x — cosec x + C 








(ш) We have 
1-8шШ x 1 sin x 
dx = dx dx 
J cos? x == == 


[ѕес?х dx— [тап x вес х dx 

= tan х – ѕесх+ С 

Example 4 Find the anti derivative F of f defined by f (x) = 4x? – 6, where Е (0) = 3 
Solution One anti derivative of f (x) is x* — бх since 


JG 62 =43_ 6 
X 


Therefore, the anti derivative F is given by 
F(x) = x* — 6x + C, where C is constant. 
Given that F(0) = 3, which gives, 


3-0-6х0-С or С-3 
Hence, the required anti derivative is the unique function F defined by 
F(x) = x* - бх + 3. 


Remarks 


(i) We see that if F is an anti derivative of f, then so is F + C, where C is any 
constant. Thus, if we know one anti derivative F of a function /, we can write 
down an infinite number of anti derivatives of f by adding any constant to F 
expressed by F(x) + C, Ce R. In applications, it is often necessary to satisfy an 
additional condition which then determines a specific value of C giving unique 
anti derivative of the given function. 

(ii) Sometimes, F is not expressible in terms of elementary functions viz., polynomial, 
logarithmic, exponential, trigonometric functions and their inverses etc. We are 


therefore blocked for finding ЇЇ! (x) ах. For example, it is not possible to find 


- 2 . . . . . . . . - 2 
fe * dx by inspection since we can not find a function whose derivative is e * 
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(ш) When the variable of integration is denoted by a variable other than х, the integral 


formulae are modified accordingly. For instance 


à ytt! 1 4 
dy = +C=_y+C 
[› ж е 5?” 





7.2.3 Comparison between differentiation and integration 


1. 
2: 


Both are operations on functions. 
Both satisfy the property of linearity, i.e., 


d d d 
@ хн Л 004, 70015 a Л Oth 5 0) 


Gi) Пало + fo 09] dx- ло) а [Awad 
Here К, and К, are constants. 


We have already seen that all functions are not differentiable. Similarly, all functions 
are not integrable. We will learn more about nondifferentiable functions and 
nonintegrable functions in higher classes. 


The derivative of a function, when it exists, is a unique function. The integral of 
a function is not so. However, they are unique upto an additive constant, i.e., any 
two integrals of a function differ by a constant. 

When а polynomial function P is differentiated, the result is a polynomial whose 
degree is 1 less than the degree of P. When a polynomial function P is integrated, 
the result is a polynomial whose degree is 1 more than that of P. 

We can speak of the derivative at a point. We never speak of the integral at a 
point, we speak of the integral of a function over an interval on which the integral 
is defined as will be seen in Section 7.7. 


The derivative of a function has a geometrical meaning, namely, the slope of the 
tangent to the corresponding curve at a point. Similarly, the indefinite integral of 
a function represents geometrically, a family of curves placed parallel to each 
other having parallel tangents at the points of intersection of the curves of the 
family with the lines orthogonal (perpendicular) to the axis representing the variable 
of integration. 

The derivative is used for finding some physical quantities like the velocity of a 
moving particle, when the distance traversed at any time t is known. Similarly, 
the integral is used in calculating the distance traversed when the velocity at time 
tis known. 


Differentiation is a process involving limits. So is integration, as will be seen in 
Section 7.7. 
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10. The process of differentiation and integration are inverses of each other as 
discussed in Section 7.2.2 (1). 


EXERCISE 7.1 


Findan anti derivative (or integral) of the following functions by the method of inspection. 


1. sin2x 2. cos 3x d 
4. (ax + by 5. sin 2x — 4 e* 
Find the following integrals in Exercises 6 to 20: 

1 

в. [|(@Фе*+1)ах 7. 20-5) в. | (ах +bx+c)dx 
x 

2 3 2 
a х 1 x +5x° —4 
ә. fQx+e)dx 10. s dc п. [—— 5— av 


x A. 3х +4 +х—1 
p, 525 438 ав [и № ја М 
15. ms 4 2x +3) dx 16. [(2x-3cos x+ e") dx 
17, [ох — 3sin х + S x) dx 18. [sec x (sec x + tan x) dx 
2 
sec” х 
19. | ——— dx 20. p dx 
со8ёс x cos? x 
Choose the correct answer in Exercises 21 and 22. 
1 
21. The anti derivative of [5 "E equals 
Vx 
Pye 22 1 
(A) —х?+2х?+С (B) x3? жанс 
3 3 2 
23 I a 2 1 
(С) =x? +2760 (D) Аяр X C 
3 2 2 


d 3 
22. If f(x) = 4x! – т such that f(2) = 0. Then f(x) is 
X X 


4. 1 129 1 129 

(д) *"+5-> (B) XL 
х 8 x 8 
ju em pelle 

(С) x? 8 (D) x 8 
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7.3 Methods of Integration 


In previous section, we discussed integrals of those functions which were readily 
obtainable from derivatives of some functions. It was based on inspection, i.e., on the 
search of a function F whose derivative is f which led us to the integral of f. However, 
this method, which depends on inspection, is not very suitable for many functions. 
Hence, we need to develop additional techniques or methods for finding the integrals 
by reducing them into standard forms. Prominent among them are methods based on: 


1. Integration by Substitution 
2. Integration using Partial Fractions 
3. Integration by Parts 


7.3.1 Integration by substitution 
In this section, we consider the method of integration by substitution. 


The given integral [7 (х) dx сап be transformed into another form by changing 
the independent variable x to t by substituting x = g (0). 
Consider I3 | f) dx 


dx 
Put x = g(t) so that a g(t). 
We write dx = g'(t) dt 
Thus 1- [£69 dx» | fat) 80) at 


This change of variable formula is one of the important tools available to us in the 
name of integration by substitution. It is often important to guess what will be the useful 
substitution. Usually, we make a substitution for a function whose derivative also occurs 
in the integrand as illustrated in the following examples. 


Example 5 Integrate the following functions w.r.t. x: 





0) sinmx (ii) 2x sin (х2 + 1) 

... tan' Vx sec? А/х . sin (tan х) 
(ii) M: (iv) Їнэ 
Solution 


G) We know that derivative of mx 15 m. Thus, we make the substitution 
mx = t so that тах = dt. 


: lr. 1 1 
Therefore, [sin mx dx -— [sin tdt = — —cost-* C =- —cos mx + C 
m m m 
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(ii) Derivative of x? + 1 is 2x. Thus, we use the substitution x? + 1 = £ so that 
2x dx - dt. 
Therefore, [2x sin (x? +1) dx = [sin tdt = —cost- C = – соѕ (2+ 1) + C 


1) - 
(ii) Derivative of 4/5 is 23 2 x 





1 ы 
. Thus, we use the substitution 
24x 


: dx = dt giving dx = 2t dt. 


2x 


ү x sec? Vx d ЇЕ tanít sec^t dt 
х-|-------- 





4х =t so that 








Thus, = 2 Гап“ вёс 1 
vx t 
Again, we make another substitution tan ¢ = и so that sec? t dt = du 
5 
Therefore, 2 Гап“ sect dt = 2 [i du = 2 2 +C 
2 and 
Ni tan" т +C (since u = tan f) 
2. s 
= stan Vx + € (since t = Vx) 
4 2 
2 
Hence, [2 x sec’ Vx dx = —tan? /х+С 
Vx 5 


Alternatively, make the substitution tan х/х =t 





iv) Derivative of tan7'x= . Thus, we use the substitution 
1 2 
+X 





р dx 
tan! x = t so that z = аі. 
+x 
sin (tan^! x) 
1g- X^ 
Now, we discuss some important integrals involving trigonometric functions and 


their standard integrals using substitution technique. These will be used later without 
reference. 


Therefore , | dx = [sin tdt = — cos t + С = – cos (tan!x) + C 


0) [tan x dx = log |sec x| + С 
We have 


sin x 





[tn хах= | dx 


COS X 
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Put cos x = f so that sin x dx = — dt 
Then fian хас=- [= tog] C7 - og lcos х|+С 
ог | tan х dx — log |sec х|+С 


(ii) [cot x dx =log|sinx |+ C 


COS X 


We have [cot x dx =| e 


dx 





Put sin x = ѓ so that cos x dx = dt 
Then [cot xax - [Ë = log|t|+C = log [sin х|+ C 
t 


(iii) [sec x dx =log|sec x + tan x |+ С 


We have 





sec x (sec x + tan x 
[sec x ax- | ( da 
sec x + tan x 
Put sec x + tan x = f so that sec x (tan x + sec x) dx = dt 


Therefore, [sec x dx -[4- log | t |+ C=log |sec x+ tan x|- C 


(iv) [cosec x dx = log |cosec x – cot x| + С 


We have 


cosec x(cosec x + cot x) 





[cosec x dx= | 
(cosec x + cot x) 


Put cosec x + cot x = f so that — cosec x (cosec x + cot x) dx = dt 











d 
So [cosec х dx =- [= tog I1 — log Icosec х + cot x1+C 

t 

EE cosec? x — cot? x 4C 

cosec x — cot x 
- log |cosec x — cot x| +С 
Example 6 Find the following integrals: 
: "e 2 sin x 
sin” x cos” x dx dx dx 
© | ud Is (x +a) (1) = + tan x 
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Solution 
(i) We have 


. 3 2 . 2 2.12 
[sin X COS хах- [sin x cos’ x (sin x) dx 


= [a E cos?^x) соѕ2х (sin x) dx 


Put f = cos x so that dt = — sin x dx 


Therefore, [six cos?x (sin x) dx = -|а-2)2 dt 
35 
- -[e€ - ace - EC 
3 5 


1 1 
= Фох +— cos $16 
3 5 
(1) Рих+а=1т. Then dx = dt. Therefore 


[ sin x dx = [226-9 а) 1 


sin (x+ a) sin f 


dt 





| Nd 


sin f 


cosa [at -sina | со! t dt 


(cos a) t — (sin a) | log Isin | + &] 


(cos a) (x + a) – (sin a) [108 [sin (x + a)| + С, | 


= xcosa +a cos a – (sin a) log lsin x a) -C sina 


sin x 
| X E" : 
Hence, sin (x £a) x cos а —sin a log Isin (x + a)l + C, 
wheremC =£ C i sin a + a cos a, is another arbitrary constant. 


AŠ шин со8 х ах 
(ati) 1+tan x cos x+sin x 





(cos x + sin x + cos x — sin x) dx 





~ 2 cos x + sin x 
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1 1 r cos x – sin x 
Ja] 


dx 


Ш 
ы 


COS x+ sin X 





x C, lrcosx-sinx 
s 
2 2 


| 
+ 


dx 21) 


cos x+ sin X 


. COS X — sin x 
Now, consider І = | dx 


COS x+ sin X 





Put cos x + sin x = t so that (cos x — sin x) dx = dt 


Therefore I= ЇЕ = log [|+ C, = log [cos x+ sin x|+ С, 


Putting it in (1), we get 
dx x € 
| -24 





1 1 2 C, 
- +— log lcos x+sin x| T 
l+tanx 2 2 2 2 


Ын 


Х 
= + 
2 2 


: Є, 
log lcos x + sin x| + b 


о 


1 СА, О 
= 2 + Іор [сов x + sin x|+ C, сч Зээ? 
2 2 2 2 


EXERCISE 7.2 


Integrate the functions in Exercises 1 to 37: 

















2x 2 (log х) 3 1 
1+х° ` x ^ x+x log x 
4. sin x sin (cos x) 5. sin (ax +b) cos (ax +b) 
6. ,fax+b 7. хух-2 8. х41--2х7 
1 
9. (4х+2у/? +х+1 10. B... 
dido x- x Jra 
р х? 
12,(СЧ 15 x 13. Draw 14. — — x50, msi 
(2 x (243%) х (ов х)" ? 
х -- х 
xc 2 
15. 9.43 16. e Ї7: Ж 
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tan x 
е 


18. 





1+ х2 


21. tan? (2x – 3) 


2cos x —3sin x 


24. 6cos x + 4sin x 


27. «sin 2x cos 2x 


sin x 


30. 


1+ cos x 


1 


1—tan х 


33. 


5: (c D (х+106 х) 





X 


19. 


22. 


25. 


28. 


31. 


34. 


37. 
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21 e -e 2x 
——— 20. = 
e? +1 e qu 

sin 'x 
sec? (7 — 4x) 23. = 
1-x^ 
1 cos Vx 
соѕ2х (1— tan x)? 26. Jx 
cos x 
+ зїп х 29. cot x log sin x 

sin x 1 

(1+ cos xy d 1 * cot x 

tan x 1+log х) 
—P »_ as юэ) 
sin x cos x x 
xsin (tan~'x*) 


1+x° 


Choose the correct answer in Exercises 38 and 39. 





9 f 
38. ee +10° log, 10 dx 


x? +10*^ 
(A) 10 - x^ + C 
(C) » = x0)! + C 
39. ooo equals 
sin? x cos? x 
(A) tanx+cotx+C 
(C) tanxcotx+C 


equals 


(B) 10° + x +C 
(D) log (10* + x) + С 


(B) tan x cot x + C 
(D) tan x cot 2x + C 


7.3.2 Integration using trigonometric identities 
When the integrand involves some trigonometric functions, we use some known identities 
to find the integral as illustrated through the following example. 


Example 7 Find (i) | сов х dx (1) [sin 2xcos3xdx (iii) [sina dx 
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Solution 
(i) Recall the identity cos 2x = 2 cos? x - 1, which gives 


1+ cos 2х 
2 


cos? x = 
Therefore fcos?x dx = 1а + cos 2х) dx = 1, | х + x [cos 2x dx 
i 708 59 2 
= ud + sin 2x+C 
2 4 
(1) Recall the identity sin x cos y= 2 [sin (x + y) + sin (x — y)] (Why?) 
: 1 А : 
Тһеп [зїп 2xcos3xdx = 2 | [sin 5x dx — [sin x dx | 


= j| epe seres ec 
24 М 


1 
= 1255-1863 чӣ 
10 2 


(iii) From the identity sin 3x = 3 sin x — 4 sin? x, we find that 


3sin x — sin 3x 
4 


ѕіп?х = 


23 M. lr. 
Therefore, [sin xdx = 4 | мл ха [sin 3x dx 


E COURTNEY 
4 12 


Alternatively, | их dx = [sin^x sin x dx = [a — cos? x) sin x dx 


Put cos x = f so that — sin x dx = dt 


Therefore, [sin’x dx = -11-2) 4 = -[а+| азын +C 


1 
= -cos x сов C 


Remark It can be shown using trigonometric identities that both answers are equivalent. 
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EXERCISE 7.3 


Find the integrals of the functions in Exercises 1 to 22: 





1. sin? (2x 5) 2. sin 3x cos 4x 3. cos 2x cos 4x cos бх 
4. sin? (2x + 1) 5. sin? x cos? x 6. sin x sin 2x sin Зх 
1—cos x COS X 
7. sin 4x sin 8x S. L1. =, 
1+cos x 1+cos x 
10. sin* x 11. cos* 2x 12. ош 
1+cos x 
e cos x — sin x 
jp Sate: qu шыш 15. tan? 2x sec 2x 
COS X — cos Q 1+ sin 2x 
“3 3 -22 
sin Х-С08 x 2x42 
16. tan*x 17. ———— is Seem 
sin’ x cos’ x cos’ x 
1 cos 2x | 
19. = 20. —— A z? 21. sin “ЧС03) 
sin x cos x (cos x+sin x) 
1 
22; 


cos (x — a) cos (x — b) 


Choose the correct answer in Exercises 23 and 24. 


23. pn ccm dx is equal to 


Sin ХС05 x 


(A) tan x + cot x + C (B) tan x + cosec x + C 
(C) — tan x + cotx+ C (D) tan x + ѕесх+ С 


24. [——— 4 >) A equals 


cos” га" х) 
(A) – cot (ех) + С (B) tan (xe) + C 
(C) tan (e) + C (D) cot (e) + С 


7.4 Integrals of Some Particular Functions 


In this section, we mention below some important formulae of integrals and apply them 
for integrating many other related standard integrals: 


(1) [ ах = gis 
x?-a? 2а х 








а 
-С 
а 
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dx 1 
Q Ja к=з log 











(3) | dx zai ee 


+C 


=log Б re -a° 





dx 
© [ттт 


4 
(5) [тте 
(6) е -108 Б үх! +а? 


We now prove the above results: 


. 1X 
-sin!-4C 
a 


+C 








1 1 
шаах Via (x—a) (xa) 


1 | (х+а) – (х-а) | а 1 1 | 
= 2a (x — a) (x a)  2a|x-a xta 


dx | 1 dx dx 
Therefore, Jaane }— Iz 








- z [log x - a)i- tegi + a)]+C 
a 











(2) In view of (1) above, we have 


1 E. (а+ x) + (a — x) 1 1 1 
a—x 2a| (а+х)(а-х) x 
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Therefore, [ = 2 = l IE - | 


а —x 2a а+х 


1 
— [-logla— xl-logla- xl] C 
2a 


1 
— lo 
2a 5 


а+ х 


-С 











a-—x 


309 


The technique used in (1) will be explained in Section 7.5. 


(3) Put x = a tan Ө. Then dx = a sec? 040. 
Е | a sec? 0 dO 





Therefore, | 
x a? tan?0 + а? 





1 1 1 
= — [afg C=- tan! 5C 
a a a a 
(4) Let x = a sec0. Then dx = a sec0 tan dé. 


Tea | dx а ѕесӨ tan 40 
eretore, 8-4 





| JA ѕес20 - à? 


[seco dð =log есд + їапӨ| +С, 


2 
X X 


= log| —+ 
a а 


Blog| x Xx? а? 
= 105 | x+ үх? -а? 


(5) Let x =a sin0. Then dx = a cos dé. 


=1 (+С; 





—log la| C, 











poss | dx | а со$0 dé 
erefore, - 
Ja? =x Уа-а? sin?0 
= [4020 «C2 sin! ^+С 
a 
(6) Let x = a tanO. Then dx = a sec?0 40. 


dx 
Therefore, Is - 





— a ѕес20 40 


Ja" tan^0 +a? 


[seco 40 = log (seco + (ап) +С, 
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+С, where Cz C, -log lal 
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(7) 


(8) 


(9) 


MATHEMATICS 


lo TG 


ga 


х х? 
Z+ +1 
а а 
= 10р |х+ х +a’ 
= 105 хаја 4a 


Applying these standard formulae, we now obtain some more formulae which 
are useful from applications point of view and can be applied directly to evaluate 
other integrals. 





—loglal- C, 





+C where C = C, — log lal 








То find the integral m we write 


Ё Ь e] | Я| c b 
ax + bx+ c= a| х +—х+—|=а|| x+ + 5 
а а 2а а 4а 


р frre tv’ 2 А 
Now, put x — = ѕо that dx = dt and writing ————; = К. We find the 
2a a 4a 





c b 
integral reduced to the form — Ln y depending upon the sign of Н =] 


and hence can be evaluated. 


To find the integral of the type J proceeding as in (7), we 


dx 
Мах? + bxc ' 
obtain the integral using the standard formulae. 
x+q 
? bxc 
constants, we are to find real numbers H B such that 


To find the integral of the type |= dx. where р, q, a, b, c аге 
d, 2 

ал те +bx+c)+B=A (2ах+Ь)+В 
x 


To determine A and B, we equate from both sides the coefficients of x and the 
constant terms. A and B are thus obtained and hence the integral is reduced to 
one of the known forms. 


2019-20 


INTEGRALS 311 


(10) For the evaluation of the integral of the type ——— Scan , we proceed 
мах? +bx+c 


as in (9) and transform the integral into known standard forms. 


Let us illustrate the above methods by some examples. 


Example 8 Find the following integrals: 


| ах . dx 
(i) | Pm (ii) үз ч 


Solution 








d d l1, |x-4 
(i) Wehave [~~ = | = zleg|——. «C Iby 74 (1 
х 8 х+4 


-16 4a up 











(ii) | ах -| ах 
Ч28-35 7341-45-11 


Put x — 1 = f. Then dx = dt. 





dx dt ч 
Therefore, = = sin’ (+С [by 7.4 (5)] 
FAR 5 4 


ins! (х—-1)+С 


Example 9 Find the following integrals : 


dx dx 
© gerer -éex«i © bane. —15 ЧЭ [йз жт 
Solution 
(i) Wehave x-6x + 132 x5 6x4 33 33 13 = (x 3) +4 


5 E ИЕ Е. 








2 2 2 dx 
x —6x+13  "(x-3) +2? 
Let х- 3 = і. Then dx = dt 
dx dt 1 эй ДЕ 
— =— tan +С 
Therefore, Ia 6x43 Ja 223 2 [by 7.4 (3)] 
= “арч а 
2 2 
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(1) The given integral is of the form 7.4 (7). We write the denominator of the integrand, 





2 3 ee ee 
3x° +13х-10 = 3 3 
0331: | 
= 3 di a ГЭ (completing the square) 
d 1 dx 
Thus | : | 


ax +13x-10 3 Bọ {тү 
х+ | -| — 
6 6 


13 
Put т Then dx = dt. 





Theref | ах 1 | аг 
erefore, - 
3х2-13х-10 3 2 | 





= log .—$-| - C, [by 7.4 (1) 
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(ш) We have | EUR hee 
a | 

= ==) ie fae (completing the square) 

ag 


1 
Рш ui с Then dx = dt. 








dt 


Thon | ах _ 1 [ 
5 











1 | uf 
€ A aE ee. SE fe 

б 8 [s [by 7.4 (4)] 
- : log x E x EX +C 

J5 5 5 








Example 10 Find the following integrals: 


x 
0 2x 46x45 +6x+5 01) Ф 2дх x 4x— x? 


Solution 
(i) Using the formula 7.4 (9), we express 


T A“ (25 6x5) B — A(4x+6)+B 
dx 


Equating the coefficients of x and the constant terms from both sides, we get 








1 1 
ДА = 1 аайбА+В=2 or = т andB= 5. 
х-2 1 4х--6 1 ах 
- dx+ 
ore, тет аг ж om 
1 1 
= —I,+-I 
4 1 2 2 (say) s (1) 
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In 1, put 2x? + 6x + 5 = t, so that (4x + 6) dx = dt 








t 
Therefore, I= | -iog|r|« c, 
Ї 
= 10612? +6x+51+C, (2) 
[ ах 1 ах 
ane „= Ax 46x45 2 23r 
2 
1 dx 
= 2] 


Put eee so that dx = df, we get 





1 dt 1 
L--[ Ё _ tan !2г+С,„ [by 7.4 (3)] 
= o 
t +|— 2 
2 
= оа; С, = tan ! (2х+3)+С, a) 


Using (2) and (3) in (1), we get 





+2 1 1 

| = dx = log |2x? + 6x-+5|+— tan”! (2x3) C 
2х +6x+5 4 2 
Сү: C; 
where, C= —+— 
4 2 


This integral is of the form given in 7.4 (10). Let us express 


d 
жи Эс: А (5-47-27) +В=А (-4- 20) +В 


Equating the coefficients of х and the constant terms from both sides, we get 


1 
-2А = l and- 4 A + B = 3, i.e., А = 73 and B= 1 
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шаг dede) 4x — x? Як 4x— x? TA 4x— x? 
1 
те, 1 +1, vw (1) 


In I,, put 5 — 4x — х? = t, so that (— 4 — 2x) dx = dt. 


4- 2x)dx -j = rc, 


i = 4х— x? 


245 - Ax х? +С, "6 








Therefore, I 





dx dx 
Now consider L= | Js -LA -| /9-@+2)7 


Put x + 2 = t, so that dx = dt. 





dt 214 
Therefore, [>= | =k 3* C; [by 7.4 (5)] 


2 
= sin DO ... (3) 


Substituting (2) and (3) in (1), we obtain 


[REL 45 — 4х sin 35e C, where С-С,-2 
5-4х-Х 


EXERCISE 7.4 


Integrate the functions in Exercises 1 to 23. 








3x2 : 1 4 1 
х° +1 "14432 ` (2-х) 41 
1 3x 6 х? 
\/9 —25х2 1+2х 1—х° 
х-1 x? sec? x 





5 8. -= == 
х -1 хб +а° Vtan?x+4 
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1 
10. -= 11. 
x^ 42x42 
13 _ 14 
ра) ^" 


4х-1 


16. === 17. 
J2x? +х—3 


бх+7 
19. === 20. 


(x=5)(x=4) 


x+3 


х^—2х—5 


22. 23. 





1 1 


9x? +6х+5 ы. \Л—-6х—х” 


1 1 


\8+3х—х” = (х-а)(х-Ь) 


x+2 5x—2 

2—1 Án 1+ 2x 43x? 

x+2 21 x+2 

4x—x° | yx? +2х+3 
5х+3 


Vx? +4х+10 7 


Choose the correct answer in Exercises 24 and 25. 


24 ЖЕШ equals 
Ux .2x42 


(А) xtam (+ D) +С 
(С) (х+ 1)їап!х+С 


equals 


25 = 
` 49x — Ax? 


т EN 
9 8 








(B) tam! (x+ 1) +С 
(D) tanx + C 





(B) PU e 


(D) gsm" EXE 





7.5 Integration by Partial Fractions 


Recall that a rational function is defined as the ratio of two polynomials in the form 


P(x 


X 


ОО) , where P (x) and Q(x) are polynomials in x and Q(x) # 0. If the degree of P(x) 


is less than the degree of Q(x), then the rational function is called proper, otherwise, it 
is called improper. The improper rational functions can be reduced to the proper rational 
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T is improper, then im TG) + д, 
х 


Q(x) Q(x) | 








functions by long division process. Thus, if 





where T(x) is a polynomial in x and is a proper rational function. As we know 


Р(х 
Q(x) 
how to integrate polynomials, the integration of any rational function is reduced to the 
integration of a proper rational function. The rational functions which we shall consider 
here for integration purposes will be those whose denominators can be factorised into 
P(x) P(x) 


linear and quadratic factors. Assume that we want to evaluate | = dx , where 


Q(x) Оо) 


is proper rational function. It is always possible to write the integrand as a sum of 
simpler rational functions by a method called partial fraction decomposition. After this, 
the integration can be carried out easily using the already known methods. The following 
Table 7.2 indicates the types of simpler partial fractions that are to be associated with 
various kind of rational functions. 





Table 7.2 


Form of the rational function Form of the partial fraction 
A B 


modum 
(х—а) (x—b) 
pxtq 
(х-а)? 


рх? +qx+r 


(x— а) (x - Dx Y) 











px +qxtr E 
(x — ay? (x - b) x-a (x-a) 





pk +qx+r 200: 
(x — a) (х2 +bx +c) =O) ope 








where x? + bx + c cannot be factorised further 





In the above table, A, B and C are real numbers to be determined suitably. 
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| [ ах 
Example 11 Find Geass) +) (4-2) 
Solution The integrand is a proper rational function. Therefore, by using the form of 
partial fraction [Table 7.2 (1)], we write 
1 А B 


(с-1)с42) х+1 x42 





240) 


where, real numbers А and B are to be determined suitably. This gives 
12A (х+2) +В (х + 1). 
Equating the coefficients of х and the constant term, we get 
А-8-0 
апа 2A+B=1 
Solving these equations, we get A=1 and В = – 1. 
Thus, the integrand is given by 








1 LA -1 
(х+1)+2) x41 x+2 

dx dx dx 

Шеш, pets s = ed Tm 


= log |x+1|- log |x+2|+C 


х+1 


+С 
2 





= 108 
x+ 








Remark The equation (1) above is an identity, i.e. a statement true for all (permissible) 
values of x. Some authors use the symbol ‘=’ to indicate that the statement is an 
identity and use the symbol ‘=’ to indicate that the statement is an equation, i.e., to 
indicate that the statement is true only for certain values of x. 


à x +1 
Example 12 Find | Брат 
х =X 


2 


x +1 
Solution Here the integrand —5—— —— 
8 x!-5x46 


xX + 1 by х2 – 5x + 6 and find that 


is not proper rational function, so we divide 
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2 = сан 
х2-1 NT E 5 eis 5x-5 
x?-5x46 x —5x+6 (x — 2) (x 3) 
- 5х—5 А п B 
5 (0-2)(-3) 3-2 x-3 
So that 5х-5 = А (х- 3) +В (х- 2) 


Equating the coefficients of x and constant terms on both sides, we get A+ В = 5 
and ЗА + 2B = 5. Solving these equations, we get A2 — 5 and B = 10 











ч xl 5,10 
ч х2 -5х+6 х-2 х-3 
2 
x +1 1 ах 
Theref —————— dx = |dx-5 dx -10 
erefore, 2 x | Pa, lee 


= х – 5 log lx—21+ 10 log lx—31+C. 
3х-2 


Example 13 Find 15:15 х 


Solution The integrand is of the type as given in Table 7.2 (4). We write 








3х-2 А В С 
(xA 3) х+1 sm ^ x+3 
So that 3x -22A(x*D(x-3) -B(x*3)2C(x 1) 


= А (2 + 4х+ 3) + В (х+3) +С (2+ 2+1) 
Comparing coefficient of x’, x and constant term on both sides, we get 
A+C=0,4A+B+2C = 3 and ЗА + ЗВ + C =— 2. Solving these equations, we get 


A- u, B= = and C= = . Thus the integrand is given by 
2 4 




















3x-2 11 5 11 
(х+10)2(0+3) © 4(х+1) 2G«0D? 4(х+3) 
3x-2 lirdx 5 dx 11 p dx 
Therefore, [жогу = ado 2 | 
2 Hiog| x+1|+ 3 -Myg | х+3|+С 
4 2(х-1) 4 
_ 11 Я х+1 " 5 +С 
4 x+3) 2(х+1) 
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12 
Е le 14 Find | 5 ——5 —- 
xample in [з pu p" 
33 
Solution Consider — — —7; —- and put x = y. 
(x^ +1) (x^ +4) 


2 








Then 7 x 2 - : 
0241) 5244) (у+10) (у+4) 
Wat y __A z B 
ш (у+0 (0+4) ytl у+4 
So that у= A( * 4) B (y 4 1) 


Comparing coefficients of y and constant terms on both sides, we get A+ B = 1 
and 4A + B = 0, which give 


1 4 
А=—— and В=— 
3 3 














x? 1 4 
Thus, 7 5 = 7 F 5 
(x? +1) к” +4) 3(х2-1) 30(5-4) 
-—- | х?ах Ч ах sij dx 
егетоге = 
: (x? +1) (х2 +4) 349741 343x744 


7 12422225 (ап. +С 
3 3 2 2 


1 
Mane? ши ЕС 
3 3 2 


In the above example, the substitution was made only for the partial fraction part 
and not for the integration part. Now, we consider an example, where the integration 
involves a combination of the substitution method and the partial fraction method. 


(3sin 0 - 2)cos ó 
5 — соѕ2ф - Asin ф 
Solution Let y = sing 
Then dy = соѕф do 





Exaniple 15 Find [\ 
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3 sind — 2 Зу-2)4 
Therefore, Ё une Joc d - — бу-2)4у 








5-с08-ф-480 5-(1—у°)-4у 
Зу-2 
M 
уг-4у-4 
_ | уз 2 =I (say) 
(у-2) 
М it e gru e [by Table 7.2 (2)] 
ow, we write = able 7. 
(y-2y y-2 69-2 : 
Therefore, Зу-2-А(у-2)-8 


Comparing the coefficients of у and constant term, we get A = 3 and B - 2A = - 2, 
which gives A = 3 and B = 4. 
Therefore, the required наг is given by 


dy dy 
t= [i 2 (y ^ Ao a Ny 








= 3log| pape je 
2 


4 
= 3 log | sin ф-2 |+ — ——*C 
2—sin $ 


= 3log (2- sin ф)+ \+_ + C (since, 2 — sing is always positive) 
2—sin ф 


x +x+1dx 


Example 16 Find № 


Solution The integrand is a proper rational function. Decompose ће rational function 
into partial fraction [Table 2.2(5)]. Write 


x +x+l A ,Bx*C 
(2-1/(х-2) х-2 (5-1) 





Therefore, №+х+1= А (2 +1) + (Вх+ С) (х + 2) 
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Equating the coefficients of x’, x and of constant term of both sides, we get 
А + B =1, 2B + C = 1 and A + 2C = 1. Solving these equations, we get 

















As Be mite. 
5 2 5 
Thus, the integrand is given by 
2 yl 
х+х+і 3 n 5. 3 /1(2х41 
G^ -DG-2) 542) x+ 5(х+2) 5|х 41 
2 
x^-x-l зг dx ly 2x 1 1 
= + х х 
шилж: 7 be “к 1. 


3 1 2 lm © 
- = 98| х+2|+-1ов| х *1|ez tan x-C 


EXERCISE 7.5 


Integrate the rational functions in Exercises 1 to 21. 














х 1 3х-1 
{ m 2. м = 3, 
(х+1) (х+2) 39 (х—1) x-2)(x-3) 
Р х Р 2х ё 1-x* 
© (x-D(x-2)(-3) 77 x +3х+2 ' х4-2х) 
X X 3x45 
аро) В) (х+2) 75 8-2 -х41 
ii 2х-3 ^ 5x т x xxl 
”-(2-1)(2х43) ` DG? -4) © xl 
2 3х-1 1 
15, (—x (+x?) 14. (х+2)2 15. 3-4 
1 
16. C+D [Hint: multiply numerator and denominator by x "^! and put x” = г] 
cos x 
17. [Hint : Put sin x = t] 





(1— sin x) (2 — sin x) 
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18 0241) 02-2) ЕС НОГЕ ЕНЕ 
(2+3) (x? +4) "o +1) (x? +3) а= 


1 
21. (e* —1) [Hint : Put e* = t] 


Choose the correct answer in each of the Exercises 22 and 23. 


22. |--32-- equal 
е (8—9) equals 




















EV _ 92 
x= х-1 
хот 

(C) log 25) +С (D) log| (x - D (х—2)|+С 
x- 

23. [m equals 
x (x^ +1) 
(A) loghi - log G^) +С (B) ові log G^) +С 


1 
(C) -log ОТ @+)+C () 5 leglxi + log G^ 1) +С 


7.6 Integration by Parts 
In this section, we describe one more method of integration, that is found quite useful in 
integrating products of functions. 

If u and v are any two differentiable functions of a single variable x (say). Then, by 
the product rule of differentiation, we have 


d dv du 

— (uv) = u—+v— 

dx dx ах 
Integrating both sides, we get 

иу = [uc dx+ |5 ax 
dv du 
or fur ae = uv- [vd se (1) 
dv 

Let u = f(x) and ас g(x). Then 


du 
2o (x) and = few dx 
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Therefore, expression (1) can be rewritten as 


[£60 g@ dx = feo eco adx- [t[ во) ах] О) dx 
i.e., [ов б)ах = РО) |а о) а [tf^ co | б) dd dx 


If we take f as the first function and g as the second function, then this formula 
may be stated as follows: 

“Тһе integral of the product of two functions = (first function) x (integral 
of the second function) - Integral of [(differential coefficient of the first function) 
x (integral of the second function)]" 


Example 17 Find х cos х dx 


Solution Put f (x) = x (first function) and g (x) = cos x (second function). 


Then, integration by parts gives 


| хсов x dx = х feos хах- [Iw [cos х dx] dx 


= x sin x — [sin x dx =xsinx+tcosx+C 


Suppose, we take f(x) =cos x and g(x) = x. Then 


| xcos x dx = cos х Ја [ео » | х ах| ах 


2 2 
х х 
= (cos x) —+ [sin х ах 
2 2 
Thus, it shows that the integral х cos х dx is reduced to the comparatively more 


complicated integral having more power of x. Therefore, the proper choice of the first 
function and the second function is significant. 


Remarks 


(i) It is worth mentioning that integration by parts is not applicable to product of 


functions in all cases. For instance, the method does not work for [vx sin x dx, 
The reason is that there does not exist any function whose derivative is 


Jx sin x. 


(1) Observe that while finding the integral of the second function, we did not add 
any constant of integration. If we write the integral of the second function cos x 
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as sin x + К, where К is any constant, then 
| хов x dx = x(sin xk)- [Gin x4 k) dx 
= x(sin xk)- | (вш xdx- Ík dx 


x (sin x+k)—cos x -kx4 C = xsinx+cosx+C 


This shows that adding a constant to the integral of the second function is 
superfluous so far as the final result is concerned while applying the method of 
integration by parts. 


(ш) Usually, if any function is a power of x or a polynomial in x, then we take it as the 
first function. However, in cases where other function is inverse trigonometric 
function or logarithmic function, then we take them as first function. 


Example 18 Find flog x dx 


Solution To start with, we are unable to guess a function whose derivative is log x. We 
take log x as the first function and the constant function 1 as the second function. Then, 
the integral of the second function is x. 


d 
logx.1) dx = lo 14х— |[— (lo ldx]d. 
Hence, | dogx )dx gx[ X I gx) | x] dx 
= (log х): х [хае ховх х+С. 
E 


Example 19 Find | x e*dx 


Solution Take first function as x and second function as e*. The integral of the second 
function is е". 


Therefore, |x e'dx = xe -fi :e'dx = хе*— e + С. 


xsin х 


Example 20 Find Nee dx 
=K 


Solution Let first function be sin ~'x and second function be 


1-22 


х ах 


41- x? 





First we find the integral of the second function, i.e., | 


Put =1 = x?. Then dt = — 2x dx 
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Therefore, | D - Л Xr = at= -41- 
xsin х zd 5 
Н ; dx = (sin »( l- х7 i-a) = 1— x^) dx 
ence | с | | 


= —/1—х° вш їх+х+С = М = sin !x 4C 


Alternatively, this integral can also be worked out by making substitution sin! x = Ө and 
then integrating by parts. 


Example 21 Find fe sin x dx 


Solution Take е* as the first function and sin x as second function. Then, integrating 
by parts, we have 


I= fe sin x dx =e" (— cos х) + | e'cos x dx 


=- е* cos x + I, (say) s CL) 
Taking e*and cos x as the first and second functions, respectively, in I,, we get 


I = е^ sin х= [e'sin x dx 


Substituting the value of I, in (1), we get 
I=- e cos x + e sinx-I or 21 = e (sin x — cos x) 


X 


Hence, Ne fe sin x dx = > (sin х –соѕх) +С 


Alternatively, above integral can also be determined by taking sin x as the first function 
and e* the second function. 


7.6.1 Integral of the type [e | f(x) + Р G9] dx 
We have 1- [е [foo /(52|4х = [ео dx + [его ах 


= I, + Гето) dx, where tejer dx 21) 
Taking f(x) and е* as the first function and second function, respectively, in I, and 
integrating it by parts, we have I, = f (x) е*— | f (x) edx+C 
Substituting I, in (1), we get 
1- еро) row e'dx ео) dx+C =ef(x)+C 
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Thus, Гето) + РО) = e* fx) С 


"ot 1 2 po +1)е* 
Example 22 Find "(tan !x 4 ——.) d —— ——— d 
xamp ind (1) [e (tan x TOS x (1) | (1 x 


Solution 





: 1 
(i) We have I -[e (tan !x4 =) dx 
14x 





Consider f(x) = tan` tx, then f'(x) = 14:42 


Thus, the given integrand is of the form е" [ f (x) + f '(x)]. 





| 1 
Therefore, I= fe (tan !x4 i 


7) dx = æ tan` !x + С 
+x 


2 Х p, 
(x^ +1)е dx- | x,X =1+1+1) 








li) We h [= dx 
(1) We have EET, e'[ (x D ] 
x^ 2 a x-1 2 
= |e“ dx = | e* 
Їе CE Саул , Je кы wap 
х—1 , 2 
i at- f 00——; 
Consider f (x) We D? 


Thus, the given integrand is of the form е" [f (x) + f '(x)]. 


2 
5-1 -1 , 
[2 n=? е* +С 
(х +1) х+1 


EXERCISE 7.6 


Integrate the functions in Exercises 1 to 22. 








Therefore, 





1. xsinx 2. x sin Зх 3. 228 4. xlogx 

5. xlog2x 6. x log x 7. х ѕіп-іх 8. x tan! x 

9. x cos! x 10. (sinx) 11 а 12. x sex 
13. tanx 14. x (log x? 15. (2+ 1) log x 
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| xe «| 1+sin x 
16. е" (sinx + cosx) 17. (+a)? а. porum 


,(1 1 (x—-3)e* 
19. €|—--—7 20. —— 3z 21. e* sin x 


œ- 
22. | A 
1+х 


Choose the correct answer in Exercises 23 and 24. 


23. | ёс" ах equals 





; e 
(A) ге +С (В) N +C 
бу е С D) te” +С 
(С) 2 (D) 5° 


24. [e sec x (1+ tan x) dx equals 
(A) е соѕх+ C (В) e'sec x - C 
(C) e'sinx - C (D) e'tanx * C 
7.6.2 Integrals of some more types 


Here, we discuss some special types of standard integrals based on the technique of 
integration by parts : 


(i) [ух —a? dx (ii) [vx +а? dx (ш) | a? —x? dx 
(i) Let I=| V-a dx 


Taking constant function 1 as the second function and integrating by parts, we 
have 


[= хуүх?-а - |; dx 
х?— 


а? 


= dax ege dx = xvx- p 200. 


I 
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pce. 
| ae 


iye =a Ia 


JE 


| dx 
x^ =a" 
2 
or тә | x?-a? dx- Vx? -a? - Slog х+уүх?-а? 


Similarly, integrating other two integrals by parts, taking constant function 1 as the 
second function, we get 


2 
ay [Ve eade Та d а? + tog e а? | ес 
2 
(ш) [a faxo) хуа? х? +S sin С 
а 


Alternatively, integrals (1), (11) and (iii) can also be found by making trigonometric 
substitution x = a ѕесӨ in (1), x = a tanO in (ii) and x = a sinO in (iii) respectively. 


Example 23 Find [V х? 2x45 ах 


Solution Note that 


[Vx +2х+5 dx = [VD +4 dx 


Put x+ 1 = y, so that dx = dy. Then 


[vx +2х+5 dx = [yy +2? dy 
1 4 
= vy *4* log yyy +4 |+С [using 7.6.2 (ii)] 
= ск i +2х+5+21ов eee i +2х+5 |+С 


Example 24 Find [43-2x— x^ dx 
Solution Note that [Уз -2x- x. dx= [v4- (х--1) dx 


[2 2 2 
or 21= хүх-а —a 


+C 
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Put x + 1 = y so that dx = dy. 


Thus | 3-2х-х ах = |]4- y? dy 


2 


= 50+ v3- 2x-x ЕЕ рс 
EXERCISE 7.7 


Integrate the functions in Exercises 1 to 9. 


1. J4- x 2. J1- 4x 3. Vx? +4х+6 
4. үх 44x41 5. J1-4x- x 6. 4x! +4x-5 


p; 


P. 
7. 41-3x- x 8. Vx? 43x 9. Чу, 


Choose the correct answer in Exercises 10 to 11. 


10. [vix dx is equal to 
(A) міл? eges ere) [c 


3i 3 


(B) d+) +С (С) iex +С 

(D) Dies «Lees wf 2 
п. [Và -8х+7 dx is equal to 

(A) 5 6-4 - 87 + 9log x-4+ -gee1 ec 

(B) са? 847918 х+4+ Jx? -8х+1|+С 

(С) 5 (4x? 8x47 34/210 x-4+ Jx -8x+7|+C 

(D) 2(8-4)/2-8х47-2108 x-4+ -8х+1|+С 





+С 
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7.7 Definite Integral 


In the previous sections, we have studied about the indefinite integrals and discussed 
few methods of finding them including integrals of some special functions. In this 
section, we shall study what is called definite integral of a function. The definite integral 


has a unique value. А definite integral is denoted by | ? f (x) ах, where a is called the 


lower limit of the integral and b is called the upper limit of the integral. The definite 
integral is introduced either as the limit of a sum or if it has an anti derivative F in the 
interval [a, b], then its value is the difference between the values of F at the end 
points, i.e., F(b) – F(a). Here, we shall consider these two cases separately as discussed 
below: 


7.7.1 Definite integral as the limit of a sum 


Let f be a continuous function defined on close interval [a, b]. Assume that all the 
values taken by the function are non negative, so the graph of the function is a curve 
above the x-axis. 


b 
The definite integral | f (x) dx is the area bounded by the curve у = f(x), the 


ordinates x = a, x = b and the x-axis. To evaluate this area, consider the region PRSQP 
between this curve, x-axis and the ordinates x = a and x = b (Fig 7.2). 


Y 





Fig 7.2 


Divide the interval [a, b] into n equal subintervals denoted Бу [x,, x,], [X х,],..., 
[я A. s [X,_ 51, where х= а, х = а + һ, х, аж 2h, ... , x =at rh and 


x,=b=a+nhor =з We note that as n — œ, Л > 0. 
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The region PRSQP under consideration is the sum of n subregions, where each 
subregion is defined on subintervals [х, ,,x], r = 1, 2, 3, ..., п. 

From Fig 7.2, we have 

area of the rectangle (ABLC) « area of the region (ABDCA) « area of the rectangle 
(ABDM) sa (D) 

Evidently as x, — x, , > 0, i.e., ^ — 0 all the three areas shown in (1) become 
nearly equal to each other. Now we form the following sums. 

n-l 


з= АА) +... fo, o у го) 40) 


апа 8 = АО) + fe)... fo) - hy 70) з) 
г=1 


Here, s, and S, denote Ше sum of areas of all lower rectangles and upper rectangles 
raised over subintervals [x, , x] for r 2 1, 2, 3, ..., n, respectively. 
In view of the inequality (1) for an arbitrary subinterval [x, ,, х], we have 
s, < area of the region PRSQP « S, .. (4) 
As n — co strips become narrower and narrower, it is assumed that the limiting 
values of (2) and (3) are the same in both cases and the common limiting value is the 
required area under the curve. 
Symbolically, we write 
: b 
lims, = lim 5, = area of the region PRSQP = | „Тех .. (5) 
It follows that this area is also the limiting value of any area which is between that 
of the rectangles below the curve and that of the rectangles above the curve. For 
the sake of convenience, we shall take rectangles with height equal to that of the 
curve at the left hand edge of each subinterval. Thus, we rewrite (5) as 


[лода = lim [f (a) + f (a I). /(аж(п-1171 


ог [Pedr = b-a) lim -LfGa) + f(a l)e fat-DAl (6 


b-a 


п 





where hz ә Оаѕп о 


The above expression (6) is known as the definition of definite integral as the limit 
of sum. 


Remark The value of the definite integral of a function over any particular interval 
depends on the function and the interval, but not on the variable of integration that we 
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choose to represent the independent variable. If the independent variable is denoted by 


b 
t or u instead of x, we simply write the integral as | : f (t) dt or | f (и) du instead of 


b 
ү f (x) dx , Hence, the variable of integration is called a dummy variable. 
2,2 
Example 25 Find J, (x^ +1) dx as the limit of a sum. 
Solution By definition 
b 1 
| f(x) ах = (b-a) lim —[f(a) + f(at+h)+...4+ f(a* (n-1) A], 
a no р 


b-a 


n 





where, h= 





In this example, a = 0, b = 2, f(x) 2x? +1, h= ч 
Therefore, 


= 1) 





10244) ёс = 2 lim L/()* fÈ IIS LP л 


n—»oo 


2 7 2 
= 2im 20+ (6+0 Ce Do тэм 
п 


- эйт a++. 2062 D (22 +42 +. .4(2п-2У 1 


поо 





n-terms 


"EB. му N^ 2 
= 2lim—[n+— (1° +2? +...+(n-1)] 
n? 


no n 








- 2lim 1 bis: : Шу ийн 0) 
neo n п 6 

2 2lim 1 s (n—1) nd 
n>% n 3 n 


: 2 1 1 4 
= 2lim [1+—(d-—) Q-—)] = 2 f1+—] = — 
lim [ 3 E. ( nA [ 4! 3 


2019-20 


334 MATHEMATICS 


2 
Example 26 Evaluate n е“ dx as the limit of a sum. 


Solution By definition 


2 1 2 4 2п-2 
| e dx = (2-0)lim =| e? +e” +e" +...+e " 
0 noe р 





2 
Using the sum to n terms of a G.P., where a = 1, r =e” , we have 


2n 











n 2 
[ге аха 2 im L2 2 2 tim +] 
0 n>% n = no n = 
е" 1 е"—1 
2(e? -1 4 4-1 
= ГТ, 150 [using lim " -1] 
. |e"-l 
im >}? 
n 
EXERCISE 7.8 
Evaluate the following definite integrals as limit of sums. 
b 5 3 
1. | хах 2. | Gt а з. |, de 
4 | -aa 5 [е ах 6 [ote de 
= di лы ` Jo 
у=/0) 


7.8 Fundamental Theorem of Calculus 


7.8.1 Area function 
We have defined [ f(x) dx as the area of 


the region bounded by the curve y = f(x), 
the ordinates x = a and x = b and x-axis. Let x 


be a given point in [a, b]. Then үй f (x) ах 





represents the area of the light shaded region 
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in Fig 7.3 [Here it is assumed that f(x) > 0 for x € [a, b], the assertion made below is 
equally true for other functions as well]. The area of this shaded region depends upon 
the value of x. 


In other words, the area of this shaded region is a function of x. We denote this 
function of x by A(x). We call the function A(x) as Area function and is given by 


AG) = | feo dx зїй 


Based on this definition, the two basic fundamental theorems have been given. 
However, we only state them as their proofs are beyond the scope of this text book. 
7.8.2 First fundamental theorem of integral calculus 
Theorem 1 Let f be a continuous function on the closed interval [a, b] and let A (x) be 
the area function. Then A'(x) = f (x), for all x e [a, b]. 

7.8.3 Second fundamental theorem of integral calculus 


We state below an important theorem which enables us to evaluate definite integrals 
by making use of anti derivative. 


Theorem 2 Let f be continuous function defined on the closed interval [a, b] and F be 
b 
an anti derivative of f. Then |. f(x)dx = [Е(х)]? = F (5) - F(a). 


Remarks 


b 
(i) In words, the Theorem 2 tells us that | f (x) ах = (value of the anti derivative F 
of f at the upper limit b — value of the same anti derivative at the lower limit a). 


(1) This theorem is very useful, because it gives us a method of calculating the 
definite integral more easily, without calculating the limit of a sum. 


(ш) The crucial operation in evaluating a definite integral is that of finding a function 
whose derivative is equal to the integrand. This strengthens the relationship 
between differentiation and integration. 


b 
(iv) In | f (x) dx , the function f needs to be well defined and continuous in [a, b]. 


1 
, : : "M 3 5 : 
For instance, the consideration of definite integral | Р х(х2-1)2 dx is erroneous 


1 
since the function f expressed by f(x) = x(x^ —1)? is not defined in a portion 


-Ї«х« of the closed interval [— 2, 3]. 
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b 
Steps for calculating | f(x)dx. 


(i) Find the indefinite integral | f (x) ах. Let this be F(x). There is no need to keep 
integration constant C because if we consider F(x) + C instead of F(x), we get 
b 
| f (x) dx = [Е (x) + С]? =[F(b) + С] -[F(a) + C] F(b) - F(a) , 


Thus, the arbitrary constant disappears in evaluating the value of the definite 
integral. 


(ii) Evaluate F(b) — F(a) = [F Gor , which is the value of | : f(x) ах. 
We now consider some examples 


Example 27 Evaluate the following integrals: 


0) 1 ах (i) LA dx 
(30—- х2)? 
x dx А т, 
ш [б жк с; (х+1) (x+2) (iv) | зал 2t cos2 t dt 
Solution 


E C : 24,12. 
() Let 1-|,х dx ‚ Since fx аъ 6 


Therefore, by the second fundamental theorem, we get 


27 8 19 
T= F(3-FE(2)2—-—--2— 
(3)-FQ)= ae 
(ii) Let I= I, ——+— dx. We first find the anti derivative of the integrand. 


(30 2x2)? 


3 
ч 2 
Put 30— x? =t. Then - 54x dx- di Or Vx dx- — dr 





Ух 2;,d. 2/1] 2 
Thus, | | || | | 509 


(30 = x2)? (30 — x2) 
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Therefore, by the second fundamental theorem of calculus, we have 


9 


1 





3 


G0 - х2) |, 


2 1 2-4 211. |. 19 
~ 3((30-27) 30-8| 3:3 22] 99 


I- F(9) Fa) =i 





2 x dx 


a Fade 
айн 1, (xD (х+2) 


-1 2 
= + 
(х+1)(х+2). х+1 х+2 





Using partial fraction, we get 


| хах 


So (xD (-2) 4 


—log| x+1|+2log| x+2|=F(x) 


Therefore, by the second fundamental theorem of calculus, we have 
I = F(2) — Е(1) = [- log 3 + 2 log 4] - [- log 2 + 2 log 3] 


32 
=-—3 log 3 + log 2 +2 log 4 = log 25 


T 
(iv) Let I= ү” sin? 2f cos2 t dt . Consider [si 2t cos 2 t dt 


1 
Put sin 2t = u so that 2 cos 2t dt = du or cos 2t dt = 2 du 


l (5 
S sin? 2t cos2 t dt = — | u^ du 
0 | zl 


1 4 l.4 
= —[u ]=— sin" 2t =F (t) sa 
8! | в (t) say 


Therefore, by the second fundamental theorem of integral calculus 





T Їл о 1 
І=Е(—) -Е(0) = – [5а —-sin 0]=— 
p (0) 8! 2 ] 8 
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EXERCISE 7.9 


Evaluate the definite integrals in Exercises 1 to 20. 














2 
1. f æa 2. | a з. [x -5x +6x+9) dx 
4 2x 
m T 5 т 
4. | $sin 2х ах 5. [2соѕ2х ах 6. f edx 7, f алхах 
a 1 dx 1 dx 3 dx 
8. |*cosecxdx 9, ib. |= 11. 
j: == i 1,26 
т з хах 12x+3 ТМ. 2 
2 2 x 
12 J 2cos xdx 13 е Sm 15. Гохе ах 


2 5x - 2 3 тә. 5 х 2X 
s ————— 3 2 tx -2)d \ sin” — —cos^ —) dx 
16 r 2103 17 [A sec xx )dx 18 DL 5 2 











[Ea 20.0f (хє! хэт ™) ах 

Ox +4 0 4 

Choose the correct answer in Exercises 21 and 22. 
43 dx 

21. equals 
f, 1+х° Ч 
is в) 27 о" mo 
(A) 3 (B) 5 Oz Ole 
ps 92 equals 
A = B) == C z D 2 
(A) = (8) 5 io. @у 


7.9 Evaluation of Definite Integrals by Substitution 


In the previous sections, we have discussed several methods for finding the indefinite 
integral. One of the important methods for finding the indefinite integral is the method 
of substitution. 
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b 
To evaluate | f (x) dx , by substitution, the steps could be as follows: 


1. Consider the integral without limits and substitute, y = f (x) or x = g(y) to reduce 
the given integral to a known form. 


2. Integrate the new integrand with respect to the new variable without mentioning 
the constant of integration. 


3. Resubstitute for the new variable and write the answer in terms of the original 
variable. 


4. Findthe values of answers obtained in (3) at the given limits of integral and find 
the difference of the values at the upper and lower limits. 


[æ Note |In order to quicken this method, we can proceed as follows: After 
performing steps 1, and 2, there is no need of step 3. Here, the integral will be kept 


in the new variable itself, and the limits of the integral will accordingly be changed, 
so that we can perform the last step. 





Let us illustrate this by examples. 
1 
Example 28 Evaluate | Sx! V +l dx. 


Solution Put f 2 X? + 1, then dt = 5х dx. 


уо 


Therefore, [5x x -41dx.- [vrai =—t 


|» 


2, s E 
ке == x +1)? 
25 ) 


1 
2 3 
Hence, ОК +14@х = je Zi 
-1 


221 ЭР 
о +1)? —((=1) 23 


2221 2 442 
392 «03 | ERN- 
a IEEE à 


Alternatively, first we transform the integral and then evaluate the transformed integral 
with new limits. 
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Let і= X 4 1. Then dt = 5 х dx. 
Note that, when x =-—1,t=Oand when x= 1,122 
Thus, as x varies from - | to 1, t varies from 0 to 2 

1 2 
Therefore | w x+ldx = I, Л dt 


1 tan! x 


dx 
0 1+? 





Example 29 Evaluate | 





Solution Let = tan “tx, then dt = 2 dx . The new limits are, when x = 0, t= 0 and 


+x 


TU А : TU 
when x = 1, p . Thus, as x varies from 0 to 1, f varies from 0 to 2 Р 


1 tan! x 43-11 7? д2 
Therefore I, TEC dx = [3 ДИ! = EE 


EXERCISE 7.10 


Evaluate the integrals in Exercises 1 to 8 using substitution. 


a 











1 x > 124 X 
——— d. 2 Jsi ? 4 
lou Xx 2. f sin ф cos’? 040 3. | „зїп » x 
i 
|„ХУх+2 рих+2= 0) 5, a = 
0 ]-Ecos? x сс 
2 dx 1 ах 2(1 1 5 
or 7. Y A UE 8. —-—~ je^ dx 
J, x+4—-x? Menem RE уу 


Choose the correct answer in Exercises 9 and 10. 
1 
(х-х x 


9. The value of the integral fi dx is 
3 
(A) 6 (B) 0 (C) 3 (D) 4 
10. ItfQ) = |, t sint dt, then f'G9 is 
(A) cosx + x sin x (B) xsinx 
(C) x cosx (D) sinx * x cosx 
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7.10 Some Properties of Definite Integrals 


We list below some important properties of definite integrals. These will be useful in 
evaluating the definite integrals more easily. 


Р,: [reoax- [ғо dt 
Р: [да| fwa. In particular, | f@)dx=0 
Р,: [лода [лода fends 
b b 
Р,: | /О0фс-| fab х)ах 


Р, : ЇГ, £eodx- |, fa- x)dx 


(Note that P, is a particular case of P,) 


P.: [тоа [лода [Оа хах 


P, : [тода 2| Рођа if /(2а-х)- f(x) and 
0 if f(2a — x) = — f(x) 
Р: 0) B РОо)ах= 21, f CÓ dx , if fis an even function, i.e., if f (- x) 570). 


Gi) [^ ЛО) ас - 0, if fis an odd function, i.e., if f(- x) = - / 0%). 


We give the proofs of these properties one by one. 
Proof of P, It follows directly by making the substitution x = t. 
Proof of P, Let F be anti derivative of f. Then, by the second fundamental theorem of 


calculus, we have | feodxe Р (6) - F(2) = -IF (2) -F 0) 2 -[ 7 f GO ах 


Here, we observe that, if a = b, then JN f(x) dx 20, 
Proof of P, Let F be anti derivative of f. Then 


[гло dx = F(b) – F(a) 201) 
| Го) dx =F) - Ба) «Q) 
айй [4 (x) dx = F(b) — F(c) 2 (3) 
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Adding (2) and (3), we get | "foo dx | * FG dx = Fb) - F(a) = | ^ f Go dx 


This proves the property Р... 


Proof of P, Let t=a+b-—x. Then dt = — dx. When x = a, t= b and when x = b, t = a. 
Therefore 


| fear = -["flatb-nadt 
- | гажь-да (by P.) 


b 
- | flatb-x dx БУР, 


Proof of P, Put = а – х. Then dt = — ах. When x = 0, t= a and when x = a, t = 0. Now 
proceed as in Р... 


Proof of P. Using P,, we have ЇГ го) ас-| fto ds | às te би 


Let t = 2a – x in the second integral on the right hand side. Then 
dt = – ах. When x = а, t =a and when x = 2a, t = 0. Also x = 2a - t. 
Therefore, the second integral becomes 


[ода -| Sa-a = | fQa-04 = | fQa- а 


2а а а 
Hence |, Ло) а = |70) +] f Qa - x) dx 


Proof of P, Using P., we have NEC dx = NIC dx+| fQa- x) dx (L1) 
Now, if f(a – х) = f(x), then (1) becomes 

[E feo dx = | reo dx [7 £00 dx 2| "Fo а, 
and if f(a - x) = – f(x), then (1) becomes 

[ло а= [о а] feo ас=0 


Proof of P, Using P,, we have 


[лода = [^ fo des [7 Род d. Then 


Let t = —xin the first integral on the right hand side. 
dt = — dx. When x = – a, t = а and when 
х= 0, 1= 0. А150 х= – t. 
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a 0 a 
Therefore |. f(x)dx = -1, f(t) а Ч, f (x) dx 


[„Хс®ах+| fod фур)--01) 


(i) Now, if fis an even function, then f(—x) = f(x) and so (1) becomes 
[| лодае | feo dx [^ /Сддх- 2|, f Co dx 
(1) If f is an odd function, then f(—x) = — f(x) and so (1) becomes 


| годфх--|, feo dx [^ /С04х-0 


Example 30 Evaluate | р | Xx ex |dx 


Solution We note that x? — x > 0 on [- 1, 0] and x? - x € 0 on [0, 1] and that 
xX — x > 0 оп [1, 2]. So by P, we write 


Г | Би |dx - ING -dxa |ie -x dee [ce — X) dx 


-1 


- Го =x) dx [xax [oe — X) dx 


4 27° 2 41 4 272 
X х x Ч х x 
Е :]. Е | Е 3 








| 
| 
. ——s 
Ale 
Nile 
ЗЭР 
LER 
Nile 
| 
Ale 
Ми 
+ 
лт- 
ГА 
| 
кә 
М.У 
| 
г == 
Ale 
| 
Nile 
Ми 





4 
саш 
4 


Example 31 Evaluate | sin? x dx 


Solution We observe that sin? x is an even function. Therefore, by P, (i), we get 


T 


T 
г 0, 
Г. sin? x dx = 2 | ^ sin x dx 


> 
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4-6 29) te = [з cos 2) х 





2 
T 
4 1 1 
= se uda : -(2- dn jet 
2 b 4 2 2 4 2 
Example 32 Evaluate | LEE T a 
9 1+cos* x 
. „| xsin x di 
Solution Let I = б 12 хуул Then, by P,, we have 





21 (Х— x) sin (1 — x) dx 
Е 1+ cos? (x — x) 


л (1 — x) sin x dx xf" sin x dx 


0 1+соз^ x 0 1+cos? x 
25 nf sin x ах 
or E — E 
9 1+ COS? х 
л sin x dx 
А r= я SENE 
0 T= cos? х х 


Put cos x = t so that — sin x dx = dt. When x = 0, t= 1 and when х= т, ї = – 1. 
Therefore, (by P,) we get 





НЫ а 2[' dt 


I- - 
2 alae 


uf 2 





1 
‚ since z is even function) 
1-1 








о + 
2 


= "t Miner 


1 
Example 33 Evaluate | | sin? x cos* x dx 


i. | 
Solution Let I = И sin? xcos* x ах. Let f(x) = sim? x cost x. Then 


f x) = sin? (— x) cost (- x) = — sin? x cost x = — f (x), i.e., f is an odd function. 
Therefore, by Р, (ii), 120 
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T . 4 
5 sin x 
Example 34 Evaluate | ee 
0 sin x-cos x 
2 sin? 
Е x 
Solution Let I = 12 ———————— dx 
0 sinf x * cos* x 
Then, by P 
7 TU 
т sin* 2 = х) л -— 
P х 
l= : dx = ! — д ах 
0 cos x-sin x 


0 , 4,T 4 ,T 
sin (——x)-*cos (——-x 
G ) G ) 
Adding (1) and (2), we get 


T . 4 + 4 T T 
5 sin” x+cos“ x 7 » 

a= [? —— —— i л dxz | *dx- [x]? == 
9 sin x+cos' x 0 0 

TU 

Hence [a= 


T 


d. 
Example 35 Evaluate Í : ч 


5 1+ tan х 








T T 
E cos x dx 
Solution Let I = 3 
Сој" |; COS X + sin x 
т сЕ TEG 
Then, by = |> 
»(5 Ho LE E Jj 
- віп х со NSinX — 
sin x +-/cos x 
Adding (1) and (2), we E. 
T T 
зр T 
“вш БН 3 6 6 Hence цаг) 
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511) 


.. (2) 


.. (D) 


NO 
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T 


Example 36 Evaluate | ов sin x dx 


Solution Let I = | log sin x dx 


Ө ыа 


Then, by P, 


л T 
[6 ELM — [2 
I= Е log ДЕ “ЕД, log cos x dx 


Adding the two values of I, we get 


T 


2[s J (ов sin x + log соз x) dx 


Nia 


= I, (log sin x cos x + log 2 — log 2) dx (by adding and subtracting log 2) 


T T 


= [2108 sin2x dx - | ?1ов2 dx (Why?) 


Put 2x = t in the first integral. Then 2 dx = dt, when x = 0, t= 0 and when x= 2 ; 


t=T. 
Ї үл : T 
Therefore 21 = 2 I, log sint dt — 2 log2 
2 | A АР, i i 
= 310 og Sin 2 og [by P, as sin (л — f) = sin 0) 
z T 
= | log sin x dx— 3 log2 (by changing variable 1 to x) 
T 
= I-—1og2 
2 8 
z T 
2 : = 
Hence |, log sin x dx = 53 1082, 
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EXERCISE 7.11 


By using the properties of definite integrals, evaluate the integrals in Exercises 1 to 19. 


3 


л z л "e 
- 5  wNsinx зо sin?xdx 
тан 2 — lc dy 3 —————À— 

1. cos’ x dx E Pure 51673 3 
0 Vsin x + cos x 


sin? x4 cos? x 





Тоо сой x dx 5 8 
4. == == _, 5, lx+2ldx 6. х-5|4х 
Јо sin? x t cos? x |. J, | 
1 А 2 
3. [ха-ха 8. | {tog d+ tan x) dx 9. Ї,х42-х d 
10. fè 2log sin x — log sin 2x) dx 11. [2 sin? x dx 
л xdx s 23 m 5 
13, Í 13. (pa sin’ x dx 14. I, cos x dx 


0 1+sinx 5 


л 


T a X 
15. dx 16. | Чов (1+соѕл) х 17. nu 


T 5 
[2 sin x—cosx 
0 1+sinxcosx 


18. f lt dx 


19. Show that |, f(x)g(x) dx - 2 K f(x) dx , if fand g are defined as f(x) = f(a —x) 
and g(x) + g(a- x) = 4 
Choose the correct answer in Exercises 20 and 21. 
20. The value of N (x? + x cos x ^- tan? x+ 1) dx is 
2 
(A) 0 (B) 2 (C) x (D) 1 
44+3sinx Je is 


T 
21. The value of 1? log E 3 
+3 соѕ х 


3 
(А) 2 (B) 4 (C) 0 (D) -2 
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Miscellaneous Examples 


Example 37 Find [cos бх /1--8ш бх dx 


Solution Put t= 1 + sin бх, so that dt = 6 cos бх ах 


1 
: les 
Therefore [cos 6x,/1+sin бх dx= © [ра 


3 3 


= жор +С= 2 dn бх)? +C 
6 3 9 


1 

уа 

Ехашре 38 Еша [e 
X 


dx 





4 J 1 
Solution We have Ї (x xo Дүн | хэ ix 
Х 


Put ne Р -1,80 that dx - dt 
х х 


1 5 


4-0) 1 ©, 
Therefore je e ds [r dt = DU +С= 2 1-5) +С 
х 





Х 
| | х“ dx 
Example 39 Find ароз) 
Solution We have 
хэ 


atlit 


(x-1)(x° +1) 7 x -x-x-l 


B De 
RE + De ED s. 
1 A | Bx«C 


7 = + 
(x-DQG2-D (х-1) (x +) 








.. (2) 


Now express 
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So 1= А (+ 1) + (Bx * C) (x- 1) 
=(A+B)x+(C-B)x+A-C 
Equating coefficients on both sides, we get A+ В = 0, С-В = 0 апад – С = І, 





which give А = | ‚В=С=- : . Substituting values of A, B and C in (2), we get 
2 2 


1 1... x .. 1 
(x-DG?«-D0 2(x-D 2(х?+1) 2(х2 +1) 
Again, substituting (3) in (1), we have 
xí 1 1 x 1 


= 1 = = 
(х=) (х^+х+1) d 0) 2 (х2 +1) 2(х°+1) 








4103) 








Therefore 
4 2 
1 1 1 
Í Е ах= txt log | x-1|-—log (x° +1) - 2 tan ! x4 C 
(x-1) (х +х+1) 2 2 4 2 





1 
Example 40 Find | L (log x) * TH dx 





Solution Let I— jos (log x) + 1 : y | ах 
og x 


1 


(log х)” 
In the first integral, let us take 1 as the second function. Then integrating it by 
parts, we get 





= flog (log x) дх- | 


= xlog (logx)- | : хах | 











x log x (log х)” 
dx dx 
- xlog бовад - |е +Í TEN 201) 


Again, consider |; ш 
орх 


ах х 1 1 
we have = 2 А (ор х)? (+) | w O) 





, take 1 as the second function and integrate it by parts, 
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Putting (2) in (1), we get 





55 


I= xlog (log х) – 
ds (logx) - Повх) 


= > = xlog logx) - +С 
log x log x 


Example 41 Find | | Veot x + tan x | dx 


Solution We have 


I= | [eot + tan x | dx = [Vtanx( + cot x) dx 


Put tan x = Ё, so that sec? x dx = 2t dt 





2t dt 
Or dx = 7 
1-1 
1 21 
Th = |t| 1+— | dt 
i fe aera 


~ 








21 (ese [res ja 
ша )аг-21| 22 j 


i = 
1-1 52) 
t 
1 1 
Put E = y, so that “үс dt = dy. Then 


t— 
Эс гт V2 tan! + C= V2 tan! +С 


гаг: п 


1 
t 


1-2 


\/2 таа”! eri +С = 4/2 tan! н. +С 
Е 1/21 42tan х 


sin 2xcos 2x dx 
49 — cos* (2x) 


Solution Let I= 22222212 ах 


49 — соѕ 2x 





Example 42 Find | 
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Put cos? (2x) = t so that 4 sin 2x cos 2x dx = — dt 


p | di^ . гн! 
4 А [9 23 Па 4 3 
3 
Example 43 Evaluate | - | x sin (л x) | х 


Therefore 








= 1 LEE cos? 2r ес 
4 3 


xsin T x for-l<x<l 


Solution H = |x sin Tx | = 
olution Here f(x) = Ix sin zx -xsin foris ass 


3 3 
5 : 1 ; P . 
Therefore [2 lasing xlde = | xsin gx dx [ 2-хяатхах 


14 , = 
= | Asin mox dx- |? xsin хах 


Integrating both integrals on righthand side, we get 


3 


3 
$ 1 2 - 
2 . —xcostx sintx —xcostx sint x | 
| Ixsinzt xldx = + 5 + : 
21 
= 1 








T T T то 1 
21-1-0023 
EE: T n nx m 
x dx 





T 
Example 44 Evaluate I, 232 Deb sin? x 





Solution Let I 


E x dx =|" (л x) dx 


5 : using P 
9 a?cos? x c D^sin? х °° a? cos? (n— x) - b? sin? (n — x) (using EU 








Їч ах [` х ах 


2 2 2 E s t 2 2 2:2 
0 а cos x+b sin х °° аг cos’ х-0:8Шш x 





E dx _1 


2.2 2-:72 
9 агсо8 x - sin‘ x 





n dx 
Tis aes 51, a? cos? х+ Б? sin? x 
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5 —; (using Pj) 
0 a? cos? х+ b? sin? x ? 





т ES dx Жор ах 


2 . = 
2-9 a?cos?x+b’ sin? x 2 


юа 





T 
" | 4 dx E | dx 
= o а2 cos? x - D sin? x а? cos? x+ D? sin? x 


cosec? x dx | 


a? cot? x - b? 


T 
4 


Nila 





_ "f; ѕес2х dx «f 


o а2 +b’ tan? x 


sla 





0 
s. a | = |(eurtanx=tand eotx=u) 








E gg EDT 1 а?и? +b’ 
Л ы| am au |! л Ь 5 
E - = ра 2 
= tan" | СХ | --- tan ! + tan- He 
ab а | ab bj ab а 2ab 


Miscellaneous Exercise on Chapter 7 


Integrate the functions in Exercises 1 to 24. 








1 1 1 4 
Ч 2e —— 3, SS | НШСРШХ- — 
= Мана в 7 хуш | 2 
| 1 | 1 1 А 
4. а] 5. т [Hint: a A put x = fS] 
x (x^4 14 х2 + x3 12443 iud 
(x1) (x? +9) ` sin (x-a) to PEY _21овх 
cosx sin? — cos? x 1 
10. 








11. 
1—2sin? x cos? x cos (x + a) cos (x +b) 


9. -= 
N4— sin? x 


3 
х e 1 





12. EN x 14. -> ——— 
Л х (1-6 )Q-e) (x^ +1) (x^ +4) 
15. cos?x ele sm 16. ei» (xt + 1y! 17. f' (ax + b) [f(ax + b) 
1 sin ! x—cos x 








18. ахаа (хто) 15) ыш оов 2 = 10 0 
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1— 
20. vx 
14x 





2+sin 2x 
1+cos2x 


эж Vx? +1 [log (х2 +1)-2 log х] 


e 22. 
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2 
x +x+1 
(x1? (x42) 





23. tan”! IX 
\1+х 


4 
Х 


Evaluate the definite integrals in Exercises 25 to 33. 


sinx cosx 


T 2 
s. 1008 ХХ 


25. ]:* 15-32 26. ji Loio Eo (2 ret 
l- cosx 0 cos* x+sin* x ` J0 cos? xc Asin? x 


28. f: 3 3 sin x-+cos x 


Asin 2x 
T 


31. | ял 2xtan ! (sin x) dx 


33. [т-а 


Prove the following (Exercises 34 to 39) 


34. 





з dx 2 
| 5 =—+log 
1х°(х+1) 3 Э 


36. ie x!’ соѕ x dx 20 


38. | 12 tan’ хах-1-1082 


Mas 29. | 


л. 
[^ sin x + cos x 


"Mh 0 9+16sin 2x 8 
т tan 

32. [7223 
0 sec x - tan x 

35. | хеас-1 


T 


37. Jesin? хах= 


чо | ә 


39. | sin! хас-2-1 
0 2 


1 У du" 
40. Evaluate Ка as a limit of a sum. 


Choose the correct answers in Exercises 41 to 44. 





41. | Е 0 is equal to 
е T$ 


(A) tan! (e) + C 
(С) log (&— e?) + C 


cos2x 


42.0 


— — — — —7, dx is equal to 
(sin x t cos x) 

-1 
sin x 4 cos x 


+С 


(C) loglsin x — cos xl C 


(B) tan! (e?) + С 
(D) log (e*+e*)+C 


(B) loglsinx+cosx|l+C 
1 


(sin x + cos xy 


(D) 
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43. 


44. 














MATHEMATICS 
If f (a + b — x) =f (x), then E f(x) dx is equal to 
(A) £35 [^ pi Ly) ax B) 222 [^ rae ах 
2 Ja 2 Ja 
р-а ^ a+b rb 
© J, fa D) [уа 
The value of | "mu oL 15 
0 І+ х= х 
T 
(A) 1 (В) 0 (C) -1 (D) 4 


Summary 


Ф Integration is the inverse process of differentiation. In the differential calculus, 


we are given a function and we have to find the derivative or differential of 
this function, but in the integral calculus, we are to find a function whose 
differential is given. Thus, integration is a process which is the inverse of 
differentiation. 


d 
Let = F(x) = f(x). Then we write 17 (x) dx =F (x) +С. These integrals 


are called indefinite integrals or general integrals, C is called constant of 
integration. АП these integrals differ by a constant. 

From the geometric point of view, an indefinite integral is collection of family 
of curves, each of which is obtained by translating one of the curves parallel 
to itself upwards or downwards along the y-axis. 

Some properties of indefinite integrals are as follows: 


1. [IF +в оа | Го dx fg (х) dx 


2. For any real number К, fk f(x) dx= k| f(x) dx 


More generally, if Л, J №, ... , f, are functions and К, К,, ... ,k, are real 
numbers. Then 


Їл AO +h рО) E, f, G0] dx 
= k | ло) + | f) dx. k, | у(х) dx 
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п+1 





0) Jii +e, n #— 1. Particularly, | к-х-С 
(ii) [cosx dx 2 sinx - C (iti) [sinx dx =-cosx+C 
(iv) [sec? x dx = tanx «C (v) [cosec? x ax =—cotx+C 


(vi) [sec x tanx dx =secx+C 


-sin'x4C 


(vii) [cosec xcotxdx--cosecx-C (viii) -= те 














(ix) | пар ы йз өмс 
1+х 
| цогт zi б, 7 3 
(xi) n --cot х+С (xii) fe dx=" +С 
(хш) | “ахь 2 +С (xiv) P = = see" x+€ 
loga f PEA 
dx E E 
(xv) [——— =-cosec хэс (xvi) f= ас=1081х1+С 
хүж x 
P(x) 


Recall that a rational function is ratio of two polynomials of the form Om) : 
a 
where P(x) and Q (x) are polynomials in x and Q (x) + 0. If degree of the 
polynomial P (x) is greater than the degree of the polynomial Q (x), then we 

P(x) Bx) À 
may divide P (х) by Q (x) so that —- =T (x) + , Where T(x) is a 
Q(x) Q(x)’ 


polynomial in x and degree of Р (х) is less than the degree of Q(x). T(x) 





Р, 
being polynomial can be easily integrated. E can be integrated by 
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тэ "mU | | 
expressing OO) as the sum of partial fractions of the following type: 
A 
p Ara = + КОО, 
(х—а)(х—Ь) х=й X= 
px+q A B 
23 2 = пг 2 
(х-а) х-а (х-а) 
2 
“Фах- 
a px +qx+r " A n B F C 
(x—a)(x—b)(x—c) x= rede й=@ 
рх +qx+r А " B C 
= (х= а)? (х-9) © x-a (x-a x-b 
: рх quen С) Рс 
о-о сс З x-a x +Ьх+с 


where x° + bx + с can not be factorised further. 
A change in the variable of integration often reduces an integral to one of the 
fundamental integrals. The method in which we change the variable to some 
other variable is called the method of substitution. When the integrand involves 
some trigonometric functions, we use some well known identities to find the 
integrals. Using substitution technique, we obtain the following standard 
integrals. 


(i) [tan x dx =log|secx|+C (ii) [cot x dx =log|sinx|+C 
(iii) [secx dx =1ов | вес x+ tan x|+C 


(iv) [coseex dx =log | cosec x —cotx|+C 

















ах 1 х=й 
i =—lo are 
() ЇЕ-2 2а 5 xta 
dx 1 а+х ах ПЕЕ 
ii =—lo ЕС iii =— tan TC 
ш [зә 2a 5 = ш [зүр а а 
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х+ух -a 





-— t 
Eins AC 
a 





(iv) |2887 +С (у) | erue 


dx 2 » 
>» Ї|------108|х44х +а |+C 
б) [тә +a’ 
For given functions f, and /,, we have 


[ло ло) dx = f(x) 1л09 ах-| PORS ds ds , ie., the 


integral of the product of two functions = first function x integral of the 
second function — integral of (differential coefficient of the first function x 
integral of the second function}. Care must be taken in choosing the first 
function and the second function. Obviously, we must take that function as 
the second function whose integral is well known to us. 


[e tfo) fool dx» [e fo) dx C 








2 
O [Ve ca! ar-N а? - tog e ат | +C 
à) | eat dc 2-4 eg eet ea |+С 








2 
(ш) | а? -X* а= jas Mi етс 
а 


(iv) Integrals of the types | 





ах dx 
z or | can be 
ax +bx+c Vax? +bx+c 


transformed into standard form by expressing 


p b а | 2j S 
Исе |а = Xt Е 
а а 2а а 4а 


+ + 
рх+9 dx or f ХА 


ах? +Ъх+с Vax? e bxc C7? js 








(v) Integrals of the types | 
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transformed into standard form by expressing 
рх+а= A^ (av +bx+c)+B=A Qax- b) +В, where A and B are 
determined by comparing coefficients on both sides. 
We have defined p f(x) dx as the area of the region bounded by the curve 
у= Р(х), а < x < b, the x-axis and the ordinates x = a and x = b. Let x bea 


given point in [a, b]. Then | li f (x) dx represents the Area function A (x). 


This concept of area function leads to the Fundamental Theorems of Integral 
Calculus. 


Let the area function be defined by A(x) = | 4 f (x) dx for all x > a, where 


the function fis assumed to be continuous on [a, b]. Then A’ (x) = f (x) for all 
x € [a,b]. 

OI nt ц э 
Let f be a continuous function of x defined on the closed interval (а, b] and 


d | : 
let F be another function such that P F(x) = f(x) for all x in the domain of 
x 


b b 
f. then | f(x) de=[F(x)+C]’ -F (b) Еа). 


This is called the definite integral of f over the range [a, b], where a and b 
are called the limits of integration, a being the lower limit and b the 
upper limit. 
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